Some new sums of $q$-trigonometric and related functions through a theta
  product of Jacobi by Bachraoui, Mohamed El & Sándor, József
ar
X
iv
:1
80
6.
03
41
5v
2 
 [m
ath
.N
T]
  7
 M
ar 
20
19
SOME NEW SUMS OF q-TRIGONOMETRIC AND RELATED
FUNCTIONS THROUGH A THETA PRODUCT OF JACOBI
MOHAMED EL BACHRAOUI AND JO´ZSEF SA´NDOR
Abstract. We evaluate some finite and infinite sums involving q-trigonometric
and q-digamma functions. Upon letting q approach 1, one obtains correspond-
ing sums for the classical trigonometric and the digamma functions. Our key
argument is a theta product formula of Jacobi and Gosper’s q-trigonometric
identities.
1. Introduction
Throughout we let τ be a complex number in the upper half plane and let
q = epiiτ . Note that the assumption Im(τ) > 0 implies that |q| < 1. The q-shifted
factorials of a complex number a are defined by
(a; q)0 = 1, (a; q)n =
n−1∏
i=0
(1− aqi), (a; q)∞ = lim
n→∞
(a; q)n.
For convenience we write
(a1, . . . , ak; q)n = (a1; q)n · · · (ak; q)n, (a1, . . . , ak; q)∞ = (a1; q)∞ · · · (ak; q)∞.
The q-gamma function is given by
Γq(z) =
(q; q)∞
(qz; q)∞
(1− q)1−z (|q| < 1)
and it is well-known that Γq(z) is a q-analogue for the gamma function Γ(z), see
[3, 4, 10, 17, 18] for details on the function Γq(z). The digamma function ψ(z) and
the q-digamma function ψq(z) are given by
ψ(z) =
(
log Γ(z)
)′
=
Γ′(z)
Γ(z)
and ψq(z) =
(
log Γq(z)
)′
=
Γ′q(z)
Γq(z)
.
By Krattenthaler and Srivastava [19] one has limq→1 ψq(z) = ψ(z), showing that the
function ψq(z) is the q-analogue for the function ψ(z). Jacobi first theta function
is defined as follows:
θ1(z | τ) = 2
∞∑
n=0
(−1)nq(2n+1)2/4 sin(2n+ 1)z = iq 14 e−iz(q2e−2iz, e2iz, q2; q2)∞.
Jacobi theta functions have been extensively studied by mathematicians during the
last two centuries with hundreds of properties and formulas as a result. Standard
references on theta functions include Lawden [14] and Whittaker and Watson [24].
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Among the well-known properties of the function θ1(z | τ) which we need in this
paper we have
(1)
θ′1(z|τ)
θ1(z|τ) = cot z + 4
∞∑
n=1
q2n
1− q2n sin(2nz).
Gosper [12] introduced q-analogues of sin z and cos z as follows
sinq piz = q
1
4Γ2q2
(
1
2
)
qz(z−1)
Γq2(z)Γq2(1− z)
cosq piz = Γ
2
q2
(
1
2
)
qz
2
Γq2
(
1
2 − z
)
Γq2
(
1
2 + z
) .
(2)
and proved that
sinq(z) =
θ1(z | τ ′)
θ1
(
pi
2
∣∣ τ ′) and cosq(z) = θ1
(
z + pi2
∣∣ τ ′)
θ1
(
pi
2
∣∣ τ ′) (τ ′ = −1τ ).(3)
It can be shown that limq→1 sinq z = sin z and limq→1 cosq z = cos z. Moreover,
from (2), one can easily verify by differentiating logarithms that sin′q(z) is the q-
analogue of sin′(z) = cos z and that cos′q(z) is the q-analogue of cos
′(z) = − sin z.
We mention that there are known other examples of q-analogues for the functions
sin z and cos z, see for instance the book by Gasper and Rahman [10]. A function
which is very important for our current purpose is
(4) Ctq(z) =
sin′q z
sinq z
for which we clearly have limq→1 Ctq(z) = cot z. In addition, by taking in (2)
logarithms and differentiating with respect to z we get
(5) ψq2(z)− ψq2 (1− z) = (2z − 1) log q − piCtq(piz),
which is the q-analogue of the well-known reflection formula
ψ(z)− ψ(1− z) = −pi cot(piz).
Jacobi [13] proved that
(6)
(q2n; q2n)∞
(q2; q2)n∞
n−1
2∏
k=− n−12
θ1
(
z +
kpi
n
∣∣ τ) = θ1(nz | nτ),
see also Enneper [11, p. 249]. This formula turns out to be equivalent to the
following q-trigonometric identity of Gosper [12, p. 92]:
(7)
n−1∏
k=0
sinqn pi
(
z +
k
n
)
= q
(n−1)(n+1)
12
(q; q2)2∞
(qn; q2n)2n∞
sinq npiz
which he apparently was not aware of as he stated the identity without proof or
reference. Unlike many of Jacobi’s results, the formula (6) seems not to have
received much attention by mathematicians. This is probably due to the lack of
applications. The authors recently in [9] offered a new proof for (7) and as an
application they established a q-analogue for the Gauss multiplication formula for
the gamma function as well as for an identity of Sa´ndor and To´th [22] for a short
product on Euler gamma function. Our purpose in this note is to apply (7) in
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order to evaluate finite and infinite sums involving the function Ctq(z) along with
the functions hq,M,a(k) and fq,M,a(k) both defined on integers k as follows:
hq,M,a(k) =
1
pi
(
(log q)
2k + a− 2M
2M
− ψq
(2k + a
2M
)− ψq(1− 2k + a
2M
))
fq,M,a(k) =
∞∑
n=1
q
2n
M
1− q 2nM sin
(2k + a)npi
M
.
(8)
More specifically, we shall prove the following main results which are new, up to
the authors’ best knowledge.
Theorem 1. Let M > 1 be an integer and let a be an odd integer. Then
(a)
∞∑
n=1
1
n
Ctq
( (2n+ a)pi
2M
)
= − 1
M
M∑
k=1
Ctq
((2k + a)pi
2M
)
ψ
( k
M
)
.
(b) The function hq,M,a(k) is periodic with period M and we have
∞∑
n=1
hq,M,a(n)
n
= − 1
M
M∑
k=1
hq,M,a(k)ψ
( k
M
)
.
(c) The function fq,M,a(k) is periodic with period M and we have
∞∑
n=1
fq,M,a(n)
n
= − 1
M
M∑
k=1
fq,M,a(k)ψ
( k
M
)
.
Theorem 2. Let M be a positive integer and let a be an odd integer. Then
(a)
M∑
k=1
(
ψq
(2k + a
2M
)− ψq(1− 2k + a
2M
))
=
a+ 1
2
log q.
(b)
M∑
k=1
(
ψq
(4k + a
4M
)− ψq(1− 4k + a
4M
))
=
(a+ 2) log q
4
−MpiCtq1/(2M)
(api
4
)
=


(a+2) log q
4 − log q4
Π2
q1/(4M)
Π
q1/(2M)
if a ≡ 1,−3 (mod 8)
(a+2) log q
4 +
log q
4
Π2
q1/(4M)
Π
q1/(2M)
if a ≡ −1, 3 (mod 8),
(c)
M∑
k=1
(
ψq
(6k + a
6M
)− ψq(1− 6k + a
6M
))
=
(a+ 3) log q
6
−MpiCtq1/(2M)
(api
6
)
=


(a+3) log q
6 +
log q
3
Π
3/2
q1/(6M)
Π
1/2
q1/(2M)
if a ≡ 1,−5 (mod 12)
(a+3) log q
6 − log q3
Π
3/2
q1/(6M)
Π
1/2
q1/(2M)
if a ≡ −1, 5 (mod 12).
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Remark 1. By letting q → 1 in Theorem 1 and Theorem 2 one gets related sums
for the functions cot z and ψ(z). For instance, from Theorem 1(a) we obtain for
M > 1 and odd integer a
(9)
∞∑
n=1
1
n
cot
((2n+ a)pi
2M
)
= − 1
M
M∑
k=1
cot
( (2k + a)pi
2M
)
ψ
( k
M
)
and from Theorem 2(c) we deduce
M∑
k=1
(
ψ
(6k + a
6M
)− ψ(1− 6k + a
6M
))
= −Mpi cot (api
6
)
=


−√3Mpi if a ≡ 1,−5 (mod 12)√
3Mpi if a ≡ −1, 5 (mod 12)
0 if a ≡ −3, 3 (mod 12).
Remark 2. By the well-known fact that cot rpi is an algebraic number for any
rational number r and the relation (9) we deduce by a result of Adhikari et al. [2]
that the sum
∑∞
n=1
1
n cot
(
(2n+a)pi
2M
)
is either zero or transcendental. A similar
statement can be made about the q-analogue of the sum given in Theorem 1(b).
Blagouchine [5] recently evaluated a variety of finite sums involving the digamma
function and the trigonometric functions. For instance, he proved that for any
positive integer M
M−1∑
k=1
(
cot
kpi
M
)
ψ
( k
M
)
= −pi(M − 1)(M − 2)
6
.
We have the following related contribution.
Theorem 3. For any integer M > 1 and any odd integer a we have
M−1∑
k=1
(
cot
(2k + a)pi
2M
+ cot
(2k − a)pi
2M
)
ψ
( k
M
)
= −
M−1∑
k=1
(
cot
kpi
M
)
cot
(2k + a)pi
2M
.
The rest of the paper is organized as follows. In Section 2 we review Gosper’s q-
trigonometry and collect the facts which are needed for our discussion. In Section 3
we give the proof of Theorem 1, Section 4 is devoted to the proof for Theorem 2,
and Section 5 is devoted to the proof of Theorem 3.
2. Facts on Gosper’s q-trigonometry
Just as for the function sin z and cos z, it is easy to verify that
sinq(
pi
2
− z) = cosq z, sinq pi = 0, sinq pi
2
= cosq 0 = 1,(10)
sinq(z + pi) = − sinq z = sinq(−z), and − cosq(z + pi) = cosq z = cosq(−z),
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from which it follows that for any odd integer a,
sinq
api
4
=
{
sinq
pi
4 if a ≡ 1, 3 (mod 8)
− sinq pi4 if a ≡ −1,−3 (mod 8),
sinq
api
6
=


sinq
pi
6 if a ≡ 1, 5 (mod 12)
− sinq pi6 if a ≡ −1,−5 (mod 12)
1 if a ≡ 3 (mod 12)
−1 if a ≡ −3 (mod 12).
(11)
Also, by using (10) we have
sin′q
(pi
2
− z) = − cos′q z, cos′q (z − pi2 ) = sin′q z,(12)
− sin′q(pi − z) = sin′q z, and − cos′q(pi − z) = cos′q z
where the derivatives here and in what follows are with respect to z. We can easily
see from (12) that for any odd integer a we have
(13) sin′q
api
2
= cos′q 0 = 0.
The following q-constant appears frequently in Gosper’s manuscript [12]
Πq = q
1
4
(q2; q2)2∞
(q; q2)2∞
.
Gosper stated many identities involving sinq z and cosq z which easily follow just
from the definition and basic properties of other related functions. To mention an
example, he derived that
(14) sin′q 0 = − cos′q
pi
2
=
−2 log q
pi
Πq.
On the other hand, Gosper [12] using the computer facilityMACSYMA stated with-
out proof a variety of identities involving sinq z and cosq z and he asked the natural
question whether his formulas hold true. For instance, based on his conjectures, he
stated
(q-Double2) sinq(2z) =
Πq
Πq2
sinq2 z cosq2 z,
(q-Double3) cosq(2z) = (cosq2 z)
2 − (sinq2 z)2,
(q-Triple2) sinq(3z) =
Πq
Πq3
(cosq3 z)
2 sinq3 z − (sinq3 z)3,
and
(q-Double5) cosq(2z) = (cosq z)
4 − (sinq z)4.
A proof for (q-Double2) can be found in Mezo˝ [20] and proofs for (q-Double2)
(q-Triple2), and (q-Double5) were obtained in [6, 7, 8]. Proofs for other identities
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of Gosper can be found in [1, 15, 16]. Furthermore, Gosper deduced the following
special values:
sinq2
pi
4
= cosq2
pi
4
=
Π
1
2
q2
Π
1
2
q
(
sinq3
pi
3
)3
=
(
cosq3
pi
6
)3
=
(
Πq
Πq3
) 3
2
(
Πq
Πq3
)2
− 1(
sinq3
pi
6
)3
=
(
cosq3
pi
3
)3
=
1(
Πq
Πq3
)2
− 1
.
(15)
As to special values for derivatives we have the following list.
Lemma 1. Let a be an odd integer. Then we have
(a) sin′q2
api
4
=


log q
pi
Π
3
2
q
Π
1
2
q2
if a ≡ −1, 1 (mod 8)
− log qpi
Π
3
2
q
Π
1
2
q2
if a ≡ −3, 3 (mod 8).
(b) sin′q3
api
3
=


log q
pi
Π
1
3
q3
(Π2q−Π
2
q3
)
2
3 (3Π2
q3
−Π2q)
Π2q−Π
2
q3
if a ≡ −1, 1 (mod 6)
− 2 log qpi Πq if a ≡ 3 (mod 6)
(c) sin′q3
api
6
=


− 2 log qpi
Π
3
2
q Π
1
6
q3
(Π2q−Π
2
q3
)
1
3
if a ≡ 1,−5 (mod 12)
2 log q
pi
Π
3
2
q Π
1
6
q3
(Π2q−Π
2
q3
)
1
3
if a ≡ −1, 5 (mod 12)
0 if a ≡ −3, 3 (mod 12).
Proof. (a) From (12) we have
(16) sin′q
pi
4
= − cos′q
pi
4
.
On the other hand, from (q-Double3) we have
2 cos′q 2z = 2(cosq2 z) cos
′
q2 z − 2(sinq2 z) sin′q2 z,
where if we let z = pi4 and use (16) we deduce
2 cos′q
pi
2
= −4 sinq2
pi
4
sin′q2
pi
4
.
Now, combine the previous identity with (14), (15), and (16) to obtain the desired
identity for sin′q2
pi
4 . Finally, note that by (10) we have
sin′q
api
4
=
{
sin′q
pi
4 if a ≡ ±1 (mod 8),
− sin′q pi4 if a ≡ ±3 (mod 8)
to complete the proof of part (a). As to part (b), from (12), we easily find
(17) cos′q
pi
6
= − sin′q
pi
3
and cos′q
pi
3
= − sin′q
pi
6
.
SOME NEW SUMS OF q-TRIGONOMETRIC... 7
Now differentiating (q-Double5) we have
2 cos′q 2z = 4(cosq z)
3 cos′q z − 4(sinq z)3 sin′q z.
Then taking z = pi6 in the previous identity, using (17), and simplifying yield(
2(sinq
pi
6
)3 − 1) sin′q pi6 = 2(cosq pi6 )3 cos′q pi6 ,
in other words,
(18) cos′q
pi
6
=
2(sinq
pi
6 )
3 − 1
2(cosq
pi
6 )
3
sin′q
pi
6
.
On the other hand, differentiate (q-Triple2) to derive
3 sinq 3z =
Πq
Πq3
(
sin′q3 z(cosq3 z)
2 + 2 sinq3 z cosq3 z cos
′
q3 z
)− 3(sinq3 z)2 sin′q3 z,
which for z = pi3 and after simplification gives
− sin′q 0 =
( Πq
Πq3
(cosq3
pi
3
)2 − 3(sinq3
pi
3
)2
)
sin′q3
pi
3
+ 2
Πq
Πq3
sinq3
pi
3
cosq3
pi
3
cos′q3
pi
3
.
It follows by virtue of (18) and with the help of (15) that
6 log q
pi
Πq =
( Πq
Πq3
(cosq3
pi
3
)2 − 3(sinq3
pi
3
)2 +
4
Πq
Πq3
(
sinq3
pi
3
)4
cosq3
pi
3
2
(
sinq3
pi
3
)3 − 1
)
sin′q3
pi
3
.
Now solving in the previous identity for sin′q3
pi
3 and using (15), after a long but
straightforward calculation, we derive the desired formula for sin′q3
pi
3 . Finally, note
from (10) that
sin′q
api
3
=
{
sin′q
pi
3 if a ≡ ±1 (mod 6),
− sin′q 0 if a ≡ ±3 (mod 6)
to complete the proof of part (b). The proof for part (c) is similar to the previous
parts and it is therefore omitted. 
By a combination of Lemma 1 with (11) and (15), we arrive at the main result of
this section.
Corollary 1. Let a be an odd integer. Then we have
(a) Ctq2
(api
4
)
=


log q
pi
Π2q
Πq2
if a ≡ 1,−3 (mod 8)
− log qpi
Π2q
Πq2
if a ≡ −1, 3 (mod 8).
(b) Ctq3
(api
6
)
=


− 2 log qpi
Π
3
2
q
Π
1
2
q3
if a ≡ 1,−5 (mod 12)
2 log q
pi
Π
3
2
q
Π
1
2
q3
if a ≡ −1, 5 (mod 12)
0 if a ≡ −3, 3 (mod 12).
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3. Proof of Theorem 1
We need the following result of Ram Murty and Saradha [21] which we record as a
lemma.
Lemma 2. Let f be any function defined on the integers and with period M > 1.
The infinite series
∑∞
n=1
f(n)
n converges if and only if
∑M
k=1 f(k) = 0. In case of
convergence, we have
∞∑
n=1
f(n)
n
= − 1
M
M∑
k=1
f(k)ψ
( k
M
)
.
Proof of Theorem 1(a) Let
f(k) = Ctq
( (2k + a)pi
2M
)
which is clearly well-defined on the integers and it is periodic with periodM . Then
based on Lemma 2, all we need is prove that
∑M
k=1 f(k) = 0. To do so, note that
from (7) and the fact that sinq(z + pi) = − sinq z we find
(19)
M∏
k=1
sinqM pi
(
z +
k
M
)
= −q (M−1)(M+1)12 (q; q
2)2∞
(qM ; q2M )2M∞
sinqMpiz.
Take logarithms and differentiate with respect to z to derive
pi
M∑
k=1
CtqM
(
z +
k
M
)
=MpiCtq(Mpiz) =Mpi
sin′qMpiz
sinqMpiz
.
Now replace qM with q, let z = a2M , and use (13) to deduce that that
(20) pi
M∑
k=1
Ctq
((2k + a)pi
2M
)
= 0,
or equivalently,
M∑
k=1
f(k) = 0,
as desired.
Proof of Theorem 1(b) By the relation (2) we have
sinq pi
(
z +
k
M
)
= q
1
4Γ2q2
(
1
2
)
q(z+
k
M )(z+
k
M−1)
Γq2
(
z + kM
)
Γq2
(
1− z − kM
)
which after taking logarithms and differentiating with respect to z gives
piCtq pi
(
z +
k
M
)
= (log q)
(
2
(
z +
k
M
)− 1)− ψq2(z + k
M
)− ψq2(1− z − k
M
)
.
Replacing in the previous relation q2 by q and letting z = a2M , we get
Ctq1/2
( (2k + a)pi
2M
)
=
1
pi
(
(log q)
2k + a− 2M
2M
− ψq
(2k + a
2M
)− ψq(1− 2k + a
2M
))
.
As the left-hand side of the previous identity is evidently periodic with period M ,
the same holds for its right-hand side which is nothing else but hq,M,a(k). We now
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claim that
∑M
k=1 hq,M,a(k) = 0. Indeed, apply (2) to the factors in identity (19),
then take logarithms and finally differentiate with respect to z to obtain
M(log q)
( M∑
k=1
2
(
z +
k
M
)− 1)− M∑
k=1
(
ψq2M
(
z +
k
M
)− ψq2M (1− z − k
M
))
=MpiCtq(Mpiz).(21)
Next replace q2M by q, let z = a2M , and use (13) to deduce that
(22)
M∑
k=1
(
(log q)
2k + a−M
2M
− ψq
(2k + a
2M
)− ψq(1− 2k + a
2M
))
= 0.
That is,
M∑
k=1
hq,M,a(k) = 0,
and the claim is confirmed. Finally, apply Lemma 2 to the function hq(M,a, k) to
complete the proof of part (b).
Proof of Theorem 1(c) Note that the function fq,M,a(k) is clearly periodic with
period M . By virtue of (3) and (19) and after taking logarithm and differentiating
we find
pi
M∑
k=1
θ′1
(
piz + kpiM | τ
′
M
)
θ1
(
piz + kpiM | τ
′
M
) =MpiCtq(Mpiz),
which upon substituting z by a2M and τ
′ by τ yields
M∑
k=1
θ′1
( (2k+a)pi
2M | τM
)
θ1
( (2k+a)pi
2M | τM
) = 0.
Now combine the foregoing identity with (1) and the q-analogue of (20) to derive
M∑
k=1
fq,M,a(k) =
M∑
k=1
∞∑
n=1
q
2n
M
1− q 2nM sin
(2k + a)npi
M
= 0.
Finally apply Lemma 2 to the function fq,M,a(k) to complete the proof.
4. Proof of Theorem 2
(a) If M = 1, then the desired formula
ψq
(
1 +
a
2
)− ψq(− a
2
)
=
(a+ 1) log q
2
follows by virtue of (5). If M > 1, then an immediate consequence of (19) is
M∑
k=1
(
ψq
(2k + a
2M
)− ψq(1− 2k + a
2M
))
=
(a+ 1) log q
2
,
which is the desired relation.
(b) If M = 1, the statement follows by (5). Now suppose that M > 1. Then by
letting in (21) z = a4M and after simplification we find
(a+ 2)M log q
2
−
M∑
k=1
(
ψq2M
(4k + a
4M
)− ψq2M (4(M − k)− a4M
))
=MpiCtq
(api
4
)
.
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Then uopn replacing q2M by q and rearranging becomes
M∑
k=1
(
ψq
(4k + a
4M
)− ψq(4(M − k)− a
4M
))
=
(a+ 2) log q
4
−MpiCtq1/(2M)
(api
4
)
,
which is the first identity of this part. As to the second formula, simply use Corol-
lary 1 to evaluate the right-hand-side of the previous identity and rearrange in the
appropriate way.
(c) If M = 1, the statement follows by (5). Now suppose that M > 1. Let in (21)
z = a6M and simplify to obtain
(a+ 3)M log q
3
−
M∑
k=1
(
ψq2M
(6k + a
6M
)− ψq2M (6(M − k)− a6M )
)
=MpiCtq
(api
6
)
.
Then replace in the foregoing formula q2M by q and rearrange to get
M∑
k=1
(
ψq
(6k + a
6M
)− ψq(6(M − k)− a
6M
))
=
(a+ 3) log q
6
−MpiCtq1/(2M)
(api
6
)
.
This establishes the first formula of this part. Finally apply Corollary 1 to complete
the proof.
5. Proof of Theorem 3
In our proof we shall make an appeal to a result of Weatherby in [23] for which we
need the following notation. For any real number α and any positive integer l, let
Aα,l :=
(−1)l−1(pi cot(piα))(l−1)
pil(l − 1)!
and let
Z(l) =
{
0 if l is odd,
ζ(l)
pil
otherwise.
Notice that Z(l) ∈ Q for all positive integer l.
Lemma 3. Let f be an algebraic valued function defined on the integers with period
M > 1 and let l be a positive integer. Then
∑
n∈Z\{0}
f(n)
nl
=
( pi
M
)l(M−1∑
k=1
f(k)A k
M ,l
+ 2f(M)Z(l)
)
.
Proof of Theorem 3. Let
f(k) = cot
(2k + a)pi
2M
.
Clearly f(k) is well-defined on the integers since is a is odd and it is periodic with
period M . It is a well-known fact that for any rational number r we have that
cotpir is an algebraic number. Then by virtue of Lemma 3 we get
(23)
∑
n∈Z\{0}
cotpi
(
2n+a
2M
)
nl
=
( pi
M
)l(M−1∑
k=1
(
cotpi
2k + a
2M
)
A k
M ,l
+ 2f(M)Z(l)
)
,
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which for l = 1 reduces to∑
n∈Z\{0}
cot (2n+a)pi2M
n
=
pi
M
M−1∑
k=1
A k
M ,1
cot
(2k + a)pi
2M
=
pi
M
M−1∑
k=1
1
pi
(
cot
kpi
M
)
cot
(2k + a)pi
2M
.
(24)
On the other hand, with the help of the q-analogue of Theorem 1(a) we deduce
∞∑
n=1
cot (−2n+a)pi2M
−n =
∞∑
n=1
cot (2n−a)pi2M
n
= − 1
M
M∑
k=1
(
cot
(2k − a)pi
2M
)
ψ
( k
M
)
,
which implies that
∑
n∈Z\{0}
cot (2n+a)pi2M
n
=
∞∑
n=1
cot (2n+a)pi2M
n
+
∞∑
n=1
cot (2n−a)pi2M
n
= − 1
M
M∑
k=1
ψ
( k
M
)(
cot
(2k + a)pi
2M
+ cot
(2k − a)pi
2M
)
.
As
cot
(2M + a)pi
2M
+ cot
(2M − a)pi
2M
=
sin 2pi
1
2
(
cos apiM − cos 2MpiM
) = 0,
the M -th term in the last summation vanishes and so we get
(25)
∑
n∈Z\{0}
cot (2n+a)pi2M
n
= − 1
M
M−1∑
k=1
ψ
( k
M
)(
cot
(2k + a)pi
2M
+ cot
(2k − a)pi
2M
)
.
Now combine (25) and (24) to obtain the desired formula.
References
[1] S. Abo Touk, Z. Al Houchan, and M. El Bachraoui, Proofs for two q-trigonometric identities
of Gosper, J. Math. Anal. Appl. 456 (2017), 662-670.
[2] S.D. Adhikari, N. Saradha, T.N. Shorey, and R. Tijdeman, Transcendental infinite sums,
Indag. Math. N.S. 12(1) (2001), 1–14.
[3] G.E. Andrews, R. Askey, and R. Roy, Special Functions, Cambridge University Press, 1999.
[4] R. Askey, The q-gamma and q-beta functions, Appl. Anal. 8 (1978), 125–141.
[5] I. V. Blagouchine, A theorem for the closed-form evaluation of the first generalized Stieltjes
constant at rational arguments and some related summations, J. Number Theory 148 (2015),
537–592.
[6] M. El Bachraoui, Confirming a q-trigonometric conjecture of Gosper, Proc. Amer. Math.
Soc. 146:4 (2018), 1619-1625.
[7] M. El Bachraoui, Proving some identities of Gosper on q-trigonometric functions Proc. Amer.
Math. Soc. In press, DOI: https://doi.org/10.1090/proc/14084.
[8] M. El Bachraoui, Solving some q-trigonometric conjectures of Gosper, J. Math. Anal. Appl.
460 (2018), 610–617
[9] M. El Bachraoui and J. Sa´ndor, On a theta product of Jacobi and its applications to q-gamma
products, J. Math. Anal. Appl. 472 (2019), pp. 814-826.
[10] G. Gasper and M. Rahman, Basic Hypergeometric series, Cambridge University Press, 2004.
[11] A. Enneper, Elliptische functionen. Theorie und geschichte, Halle a.S., L. Nebert, 1876.
[12] R. W. Gosper, Experiments and discoveries in q-trigonometry, in Symbolic Computation,
Number Theory, Special Functions, Physics and Combinatorics. Editors: F. G. Garvan and
M. E. H. Ismail. Kluwer, Dordrecht, Netherlands, 2001. pp 79-105.
[13] C. Jacobi, Suites des notices sur les fonctions elliptiques, Crelle J., tome 2, (1828) 303-310.
12 M. EL BACHRAOUI AND J. SA´NDOR
[14] D. F. Lawden, Elliptic Functions and Applications, Springer-Verlag, 1989.
[15] B. He and H. Zhai, A three-term theta function identity with applications, Available online
at: https://arxiv.org/abs/1805.08648.
[16] B. He and R. Zhang, On certain q-trigonometric identities of Gosper, Available online at:
https://arxiv.org/abs/1805.09677.
[17] F. H. Jackson, A generalization of the function Γ(n) and xn, Proc. Roy. Soc. London 74
(1904), 64-72.
[18] F. H. Jackson, The basic gamma-function and elliptic functions, Proc. Roy. Soc. London A
76 (1905), 127-144.
[19] C. Krattenthaler and H. M. Srivastava, Summations for basic hypergeometric series involving
a q-analogue of the digamma function, Computers Math. Applic. 32 (3) (1996), 73–91.
[20] I. Mezo˝, Duplication formulae involving Jacobi theta functions and Gosper’s q-trigonometric
functions, Proc. Amer. Math. Soc. 141:7 (2013), 2401–2410.
[21] M. Ram Murty and N. Saradha, Transcendental values of the digamma function, J. Number
Theory 125 (2007), 298–318.
[22] J. Sa´ndor and L. To´th, A remark on the gamma function, Elem. Math. 44:3 (1989), 73–76.
[23] C.J. Weatherby, Transcendence of various infinite series and applications of Baker’s theorem,
Thesis (Ph.D.)Queen’s University (Canada) 2009, 140 pp.
[24] E.T. Whittaker and G.N. Watson, A course of modern analysis, Cambridge University Press,
1996.
Dept. Math. Sci, United Arab Emirates University, PO Box 15551, Al-Ain, UAE
E-mail address: melbachraoui@uaeu.ac.ae
Babes-Bolyai University, Department of Mathematics and Computer Science, 400084
Cluj-Napoca, Romania
E-mail address: jsandor@math.ubbcluj.ro
